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Transformers process tuples

Transformers are state-of-the-art in several fields: NLP, computer vision, multimodal
learning, generative modeling...

• Important feature: data represented as tuples
(x1, . . . , xn) ∈ (Rd)n of tokens

This is how GPT-3 tokenizes this sentence. 

Tokenization of text

Tokenization of images

• Positional encoding encodes the order of tokens

Tokenization

Input 
Embedding (τ1, …, τn)

(s1, …, sn)

Inputs 

Positional 
encoding 

(π1, …, πn)

(x1, …, xn)

Allows to learn local dependencies!
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Attention is the core component of Transformers

Tokenization

Multihead 
Self-Attention

LayerNorm

MLP      

Input 
Embedding (τ1, …, τn)

(s1, …, sn)

Inputs 

L ×

LayerNorm

Positional 
encoding 

(π1, …, πn)

(x1, …, xn)

Architecture of Transformers:

• Attention layers: ∪n(Rd)n → ∪n(Rd)n learn
dependencies between tokens

• Multilayer perceptrons: Rd → Rd (applied token-wise)

• Layer normalization: project each token on an ellipsis

How much can the output change when slightly perturbing
the input?

• controls robustness and expressive power

• parameters are fixed

• we analyze only one attention layer
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The self-attention map

• Parameters: Q,K ∈ Rk×d and V ∈ Rd×d

• Attention of X = (x1, . . . , xn) ∈ (Rd)n w.r.t. z ∈ Rd :

ΓX (z) :=
n∑

j=1

pjVxj with pj := exp(〈Qz ,Kxj〉)/
n∑
`=1

exp(〈Qz ,Kx`〉)

• Self-attention of X = (x1, . . . , xn):

f : X ∈ (Rd)n 7→ (ΓX (x1), . . . , ΓX (xn)) ∈ (Rd)n

• Depends only on A := K>Q

• Multi-head attention: linear combination
∑H

h=1 W
(h)f (h)

x1

x2

x3
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The self-attention map

−1 0 1 2
−3

−2

−1

0

1

f(X)3
X3

(0, 0)

Transformation of X3

X

f(X)3

−1 0 1 2
−3

−2

−1

0

1

(0, 0)

Transformation of X

X

f(X)

f (X )i :=
n∑

j=1

PijVxj with Pij := exp(〈Qxi ,Kxj〉)/
n∑
`=1

exp(〈Qxi ,Kx`〉)

5 / 26



Measuring regularity with the local Lipschitz constant

f : (Rd)n → (Rd)n self-attention

Local Lipschitz constant

Norm on (Rd)n: ‖X‖2 :=
∑n

i=1|xi |2

Local Lipschitz constant of f at X :

LipX (f ) := ‖DX f ‖2 = sup
‖ε‖=1

‖DX f (ε)‖

where DX f : (Rd)n → (Rd)n Jacobian of f

x1

x2

x3

• Gives global guarantees:

sup
X 6=Y∈Bn

R

‖f (X )− f (Y )‖
‖X − Y ‖

= sup
X∈Bn

R

LipX (f )

• Direction of maximal change:
U = (u1, . . . , un) first singular
vector of DX f

‖f (X + ηU)− f (X )‖
‖U‖

→η→0 LipX (f )
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Presentation of the problem

• Self-attention is not globally Lipschitz continuous [Kim et al., 2021]

Lip(f|Bn
R

) ≥ c(A,V )R2

→ set one particle at zero + spread the others

• Bound independent of n [Geshkovski et al., 2024]

Lip(f|Bn
R

) ≤ ‖V ‖2 (1 + 3 ‖A‖2 R
2)e2‖A‖2R

2

Questions
• Big discrepancy! Which bound is tighter? Dependency on n?

• Characterize adversarial configurations?

• Local Lipschitz constant of real data?
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I - Dependency on n of the Lipschitz constant of self-attention
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Theoretical dependency on the sequence length n

Theorem 1 [Castin et al., 2024]

Lip(f|Bn
R

) ≤
√

3 ‖V ‖2

(
‖A‖2

2 R
4(4n + 1) + n

)1/2
≈ R2√n

and if V = Id ,

Lip(f|Bn
R

) ≥ 1

1 + (n − 1)e−2R2γ

√
n − 1

where R2γ ≈ 102−3 in practical Transformers.
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• R fixed by layer normalization

• n not too large: Lip(f|Bn
R

) grows like C
√
n

• n exponentially large: analyzed separately (mean-field regime)
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) ≥ 1

1 + (n − 1)e−2R2γ
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where R2γ ≈ 102−3 in practical Transformers.

• Configuration for lower bound: (Ru,−Ru, . . . ,−Ru) or (Ru,Ru/2, . . . ,Ru/2) with u
eigenvector of A

• Similar bound for multi-head
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Experiments: typical case and worst case

Tokenization

Multihead 
Self-Attention

LayerNorm

MLP      

Input 
Embedding (τ1, …, τn)

(s1, …, sn)

Inputs 

L ×

LayerNorm

Positional 
encoding 

(π1, …, πn)

(x1, …, xn)

Plot dependency of LipX (f ) in number of tokens n:

• for X obtained from real text (Alice in Wonderland,
AG NEWS)

• for adversarial data of the lower bound

• ‖DX f ‖2 computed with power method (d = 768)

• Same theory for masked self-attention
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Experiments: typical case and worst case
R

ea
l d

at
a

A
dv

er
sa

ria
l d

at
a

Local Lipschitz constant of real vs. adversarial data

• Growth in Cn1/4 for
real data

• Growth in C
√
n for

adv. data → matches
lower bound

Obstacle to Lipschitz
attention (GPT-4o context

window: 128k)
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The special case of learnt positional encoding
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Gaining intuition with the large radius regime

Large radius regime

R → +∞ while n fixed

Denote mi = argmax1≤j≤n〈Axi , xj〉 (a.s. unique)

(DRX f )(ε)→R→+∞ (V εm1 , . . . ,V εmn) ε ∈ (Rd)n

Proposition [Castin et al., 2024]

In the large radius regime:

Lip(f|Bn
R

) .R→+∞ ‖V ‖2

√
n

reached if m1 = · · · = mn

13 / 26



Adversarial configurations in the large radius regime

One token xj far away from the others s.t.

∀i = 1, . . . , n, 〈Axi , xj〉 ≈ max
k
〈Axi , xk〉

→ local Lipschitz constant proportional to
√
n

0 0

Input displacement Output displacement

14 / 26



II - The mean-field regime (n exponentially large)
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Generalizing self-attention to probability measures

Self-attention f (X ) := (ΓX (x1), . . . , ΓX (xn)) with

ΓX : x ∈ Rd 7→
n∑

j=1

pjVxj with pj := exp(〈Ax , xj〉)/
n∑
`=1

exp(〈Ax , x`〉)

Permutation equivariant: xi ↔ xj ⇒ f (X )i ↔ f (X )j

Mean-field self-attention [Sander et al., 2022]

F : µ ∈ P(Rd) 7→ (Γµ)]µ with

Γµ : x ∈ Rd 7→
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Lower bound in the mean-field regime

Upper bound [Geshkovski et al., 2024]

Lip(f|Bn
R

) ≤ ‖V ‖2 (1 + 3 ‖A‖2 R
2)e2‖A‖2R

2

Proposition 2 [Castin et al., 2024]

If V = Id and n ∼ e2γR2
:

Lip(f|Bn
R

) &
γ

2
R2eγR

2

Probability measures for lower bound:

pRδRu + (1− pR)δRu/2 or pRδRu + (1− pR)δ−Ru

with
pR = e−2γR2 →R→+∞ 0

Ru /2 Ru

pR

1 − pR
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The mean-field regime is not practically relevant

Proposition 2 [Castin et al., 2024]

If V = Id and n ∼ e2γR2
:

Lip(f|Bn
R

) &
γ

2
R2eγR

2

In practice 2γR2 ≈ 103 → not realistic

0 2 4 6 8 10
Layer

101

102

103

2R
2

Head 0
Head 5
Head 10
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III - Masked self-attention
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Masked self-attention processes tokens sequentially

Masked self-attention f m : (Rd)n → (Rd)n such that

f m(X )i := f (x1, . . . , xi )i

with params A,V ∈ Rd×d

Theorem 2 [Castin et al., 2024]

The upper and lower bounds of Theorem 1 on Lip(f|Bn
R

) also hold for Lip(f m|Bn
R

)

Mean-field regime? → not permutation equivariant!
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Generalizing masked self-attention to measures

Mean-field self-attention F : µ ∈ Pc(Rd) 7→ (Γµ)]µ where

Γµ : x ∈ Rd 7→
∫
Rd

k(x , y)Vydµ(y) with k(x , y) := e〈Ax ,y〉/

∫
e〈Ax ,z〉dµ(z)

Mean-field masked self-attention [Castin et al., 2024]

Replace µ ∈ Pc(Rd) by µ̄ ∈ Pc([0, 1]× Rd):

Fm : µ̄ 7→ (Γµ̄)] µ̄ where Γµ̄(s, x) :=

(
s,

∫
[0,1]×Rd

Vyks(x , y)dµ̄(τ, y)

)

with

ks(x , y) := e〈Ax ,y〉1τ≤s/

∫
[0,1]×Rd

e〈Ax ,y〉1τ≤sdµ̄(τ, y)

Same upper bound as unmasked mean-field self-attention!
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IV - Application of the mean-field framework:
modeling Transformers as PDEs
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Modeling an infinitely deep Transformer as a PDE

• Simplified Transformer with only attention layers:

f = f L ◦ · · · ◦ f 1 with f `(X ) := X +
1

L
(Γ`X (x1), . . . , Γ`X (xn))

• Discretizes
ẋi (t) = Γµ(t)(xi (t)), 1 ≤ i ≤ n

with µ(t) := 1
n

∑n
i=1 δxi (t) and Γµ(t) : Rd → Rd velocity field

Corresponding PDE:
∂tµ+ div(µΓµ) = 0

also on continuous measures
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Tokens cluster after renormalization

For discrete tokens x1, . . . , xn following

ẋi (t) = ΓX (t)(xi (t))

and renormalizing

yi (t) := e−tV xi (t)

→ clusters emerge [Geshkovski et al., 2024]

Similar phenomenon for Gaussian inputs! (Castin, Carrillo, Peyré, Ablin, in preparation)
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