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WHAT’S IN THIS POSTER?

We investigate smoothness of the self-attention map, by providing sharp bounds on its Lips-

chitz constant as a function of the sequence length n and the magnitude of tokens R.

The local Lipschitz constant with real data grows like Cn1/4 → More

tokens mean less robustness!

The worst-case rate is Cn1/2 for n small, and CR2eCR2
for n very large

(n ∼ ecR2
).

Masked self-attention can be generalized to probability measures by

adding a position coordinate.

The Transformer Architecture

Transformers represent each data point by a sequence of tokens X = (x1, . . . , xn) ∈ (Rd)n

This is how GPT-3 tokenizes this sentence. 

Figure 1. Tokenization of text (GPT2 tokenizer)

Figure 2. Tokenization of images
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Figure 3. Architecture of a

Transformer’s Encoder [3]

Main building blocks:

Self-attention with Q, K, V ∈ Rd×d:

f :

(Rd)n → (Rd)n

(x1, . . . , xn) 7→
(

V
∑n

j=1Pijxj

)
1≤i≤n

with

Pij := exp(〈Qxi, Kxj〉/
√

d)/
n∑

k=1
exp(〈Qxi, Kxk〉/

√
d).

Denote A := K>Q/
√

d.

Multi-head self-attention:

fMH :=
H∑

h=1
WhfAh,Vh

Masked self-attention:

fm(X)i := f (x1, . . . , xi)i

Layer normalization: ”projects” each xi on an ellipsis

LayerNorm: x ∈ Rd 7→ α � x−mean(x)
std(x) + β ∈ Rd

RMSNorm: x ∈ Rd 7→ α � x
|x|

√
d ∈ Rd

Definition – Lipschitz constant

Lip(f|Bn
R

) := supX 6=Y ∈Bn
R

‖f (X)−f (Y )‖
‖X−Y ‖ = supX∈Bn

R
‖DXf‖2 BR := {x ∈ Rd : |x| ≤ R}

State of the art

Kim et al. [2]

Lip(f|Bn
R

) ≥ c(A, V )R2

Geshkovski et al. [1]

Lip(f|Bn
R

) ≤ ‖V ‖2 (1 + 3 ‖A‖2 R2)e2‖A‖2R
2

Big discrepancy! Which bound is tighter? Dependency in n?

Denote γ1 ≥ · · · ≥ γδ the real eigenvalues of A, and γ := max(−γδ, γ1/8).

Contribution 1 – Discrete bound

Lip(f|Bn
R

) ≤
√

3 ‖V ‖2
(

‖A‖2
2 R4(4n + 1) + n

)1/2
≈ R2√n

and if V = Id,

Lip(f|Bn
R

) ≥ 1
1 + (n − 1)e−2R2γ

√
n − 1

where R2γ ≈ 102−3 in practical Transformers.

Numerical experiments
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Figure 4. Local Lipschitz constant of self-attention and masked self-attention as a function of the sequence length.

Multi-head attention

From single-head to multi-head:

Lip(fMH
|Bn

R
) ≤

H∑
h=1

‖Wh‖2 Lip(fh|Bn
R

).

Adversarial configurations also work for multi-head!

What are the adversarial configurations?

One token xj far away from the others and such

that for all i:

〈Axi, xj〉 ≈ max
k

〈Axi, xk〉

→ local Lipschitz constant proportional to
√

n

0 0

Input displacement Output displacement

Mean-field framework

In-context mapping: f (X) = (ΓX(x1), . . . , ΓX(xn)) with

ΓX : x ∈ Rd 7→
∑n

j=1 e〈Ax,xj〉V xj∑n
j=1 e〈Ax,xj〉 .

Generalization to probability measures: F : µ 7→ (Γµ)]µ with

Γµ : x ∈ Rd 7→
∫

V ye〈Ax,y〉dµ(y)∫
e〈Ax,y〉dµ(y)

.

Wasserstein distance: W2(µ, ν) :=
(

infπ∈Π(µ,ν)
∫

|x − y|2dπ(x, y)
)1/2

.

Mean-field Lipschitz constant: Lip(F|P(BR)) := supµ 6=ν∈P(BR)
W2(F (µ),F (ν))

W2(µ,ν) .

Contribution 2 – Mean-field masked self-attention

For µ̄ ∈ Pc([0, 1] × Rd), denote µ(A) :=
∫ 1

s=0
∫

x∈A dµ̄(s, x). We define

F m : µ̄ 7→
(
Γµ̄

)
] µ̄ where

Γµ̄(s, x) :=

s,

∫
[0,1]×Rd V ye〈Ax,y〉1τ≤sdµ̄(τ, y)∫

[0,1]×Rd e〈Ax,y〉1τ≤sdµ̄(τ, y)

 .

Same upper bound as unmasked mean-field self-attention!

Contribution 3 – Mean-field lower bound

It holds [1]:

Lip(F|P(BR)) ≤ ‖V ‖2 (1 + 3 ‖A‖2 R2)e2‖A‖2R
2
.

We show that if V = Id and n ∼R→+∞ e2γR2
, then

Lip(F|P(BR)) ≥ Lip(f|Bn
R

) & γ

2
R2eγR2

.
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